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V= P(r(R) - VCR)= (R - + u(r)+u()
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· Taylor expansion of U(R) -> potentialenergy.

f) =((r)+Jf(j+ (a) f()
small perameter) + (e) f(r)+.

= R - R a = u(r)u(q)
rysmall 1

O

-RRI/
· E-R)+ (Cr-u(r)·P(R-R)
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[-
,
Metrix Tensor = Dynamical matrix.
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3N - 3x3 individual solutions.
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TranslationsMolewk with satomations:Tooff 3 vibrations S So ..

B





·

Let's now book at a periodic , infinite system.
·
Most simple version : 1D chain of atoms

,
with

lattice constant a
, springs of force constant in.

displacement vilibria
2UhK(0(n)--(n+)]<onlypingeanyis

I &

=- un-
- v)< u(n+)

28)!
as

-

- !
>

niceinneI (-Ja nau tija
I &

-
ep positions /

:

i
↑

k =0 P(x) = G()=Ek(x-x.)
-

-I

↑

M·rockp
Eg . of motion :

Ming--Ort
05(n)
-



BoundaryConditions = BVK closed chain).
-> (N+) = (c) = S() =x()
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PBC + ((0) = ((N) - 2

-Cr , ) < e igra-art culador differentialey)
igne1

=-intern
The solution in periodic , only N values of g gield
distinct solutions, > choose in 10t BE ( , 1/2]

- iga
- Ma e

"Cue-wt)

-k(202 - e"Tyicne-w
- Mar?--2k(-cospa) = w(q)= -cage)

= simfe

---, ·in
-You- that describe theHow are the atomic displacements
-(a ,+)a) cos (qua-cut) -- given by either theSin (ana-wt) realor imaginary partof

The Au
I



How
many

solutions are there in Total ?
Noles of I , each with a characteristic frequency((g)
We have zN independent solutions , N normal moder

( & Sin (qua-w+ ) = coocque - w(t+))
·fi im Time, same normal mode

Any arbitrary motionofThe chain canbe specified
by giving a set of INinitialporitieas
=> They can be expressed as linear combinations of
The2N solutions

.

Normal modes are complete All solutions ofNewton's
Law can be built from them

-(n , t) = Waves propagating along the chain

y
: c = / I they are equal in the↳phaserely. V=

q linerea



for small = W =(1) - linear elation
j

lenz inte

In The linear Selastic) regime the group and
phase velocity are the same , but the group velocity goes
To zere at the zone

boundaries
. NN

H+h) --H=/ ... R)

s
W



· 2 Atomo per ruitall (chainof2 different springs
or same

spring
constant

, different mass)
T Ch-y)a I L

(n-)" Cruz &

--Annom On AmainAnno-

Mr Mz I Nina
&

!
Cat Cno2
1
I I
a ↓

This isThe general
& n'a'i +

eg more atend of lecise
isMan &rai Train

V

M. = -k(f- )- (i- ( )= - (2-n -s- )
Mc =-k(5- En) - ↑ (E-E)=-k(E-En-5)
= ea-wt) ri-

he
i (g()a -wt)

DLV basis vector

T
S

-n =-iden ; En =-Sin



- M. Sn = k(S -=5)
ig(n-/]a ig(n+/i) a

- M- ---
- i(q(n-(4))a Run

- i(q(n- ()9)
* 2 - eigea

-Ma =K(
T-=-
and The same for5.E-wa =-

↓
Secular equation .

To find C andIn we make the

determinant of corficients equal to zero
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We obtaina different Branches If
M
.
= Mz at

(a)-
W
. (g) Cr

. (g) &
/):

/2
&

at q = 0 (p)(W&-
-> C: 90 (9) =) ,

excillations of
&

W = G 2 atoms more in theFir infinite wave length

&

I -

same Direction .

I
1

-M/a - 4/a
-

↓=opposite directionsW = W
+

->
-

j
=

8-g G



go ,
wo > acoustic branch
&

10 , 0 = optical banch
L basis atomoptical branches in IP , insp
3 (r) optical branches encorstic branches

M

We can look at the ration /at 2970q=/a
( = -2 motionof atoms of mass M2)
(C . +5 , motions of atoms of mass M.) Within unit

↓ all

9 0 (h/ . = + (Mu/m .]/2 w = W = Atoms more in
-

same direction

</ .
= - (Ma/M.) w =

+
=Stome more in

opposite directions

2/C =↓W =-

q = =+/a &/ = 0 W =W
=>=za (at es

of vibrations with

Note : Only vibrations in phase for w.
J = 2a

near -e
and outof phase for , near gie



Classical equationerofMotion

Grcal care , Crystal with Nalls , ratom bita

Equilibrium positions En s =Rn + Re
↑

-> basis vector
lattice vector

· Atomr vibrate around equilibrium positions
-> displacement Ena (t) -> Time dependent vector
BuildThe classical hamiltonian :

a = 1
... N

a = 1 ...1 - Kinetic EnergyT= ↑nai

i = 1
,
2
,
3

2
.

- Potential Energy => ExpandThe potential
"Cartesian coordinates

energy VERY in a Taylor series of the displacements
Snai

pot Term Potential energy of The lattice in
equilibrium (does notcontribute to the

dynamics) .

und Term (UR i aminine



sudTermin
T

- na'i

&ni = Matrix with 3rN rows
and columns

ar
Eq of Nation : Mini =----Equa

Oni n'd'i-
nai Mixin

-> force in The i-direction on
the thone

in the nth cell whenThe 2th ion in the

nth all is displaced by unit distance in↓ The i'-direction

These are the atomic force constants , related
by many symmetry relations.

1
:

- Force constants are symmetric
-
nic; GRiGRj ORjGRi
&
- nai

=D
2

. -6's are
real (v in real)



3. - V must be invariant to an infinitesimal translation or
rotation of the crystal

Ti Sri = GE for all ma , i

Renai-EdwinRnar (far--Sw)
- Kir , 3

These operations should not result in forces on the ions

-o Cletmais fo for
n,< , i

# m rul, i nee
--

·
We look for solutionsTo the eg . of motion that are
stationary (periodi in Time

-icE

-ri(t)= Unsie
↓ independentTime

---WUnai-Z D
n'x'i

Un'd' in
D ma

via in nai



This is the eigenvalve equation for the real , symmetric
nati

Matrix Prai
with 3rN eigenvales Wj ; pa, eithe real

.

por imaginary
-

· why possible if Fai in
war periodic

The rigenectors Unc are characterized by the index j
-Uni

, for each bj There are 3rd vi-normalwai

modes

Now we apply The tanlational symmetry of the lattic

D
n'2'i +

can not depend on m ,
n reparately , butI

nat

on the difference -n

&
na'i

-den-n)
-nai

=> Solutions To the eguations of motion =>plane waves,
egenstates of the Translatio
operator



Unai = Can eAR ig(Ru-Rui)

=. je Ki
-

- R Ro2--

-
-

Rz O & &

R -I

#
-

a1j

->Dynamical matrix D. (9)=&je&

u

with - alltaice rectors
#

So
, by applying thetattice periodicity we have

reduced a system of 3rNeg .
To a system of 30 egration

The syste has now zu eigne vales , zu c;s
which now are functions of the rector &
w = a(q) jar ... 3r



For eachwj The eg . of motion has a solution

= (g)=3 form a tre

~ -> polarization vector
&

-

& (q) -> rector , describes The direction in which
a

The iowe more . e((q) are normalized and orthogonal
To each other

So
, finally The displacements (solutionsofThe eg.

of motion) NormalmodeNation
-

S

i (grn-a(g)t)
)

- -↓
3D dector

Cartesian Notation.

For each of the ja . ... 3r solutions we obtain a
collective motion (Ena(9-t)) for allthe atome inthe
system



Note : Cj(q) in equivalent for lattice vibrations
toEn (k) The energy dispersion for 2-

touj = energy g - Reciprocal restor inThe
15TB8

-Wj(q) -> periodic in g , only not BE needed

2) Ar with I , only finite values ofa are allowed (PB)
N valuesof a in the Brillain

zone , ja . ...3

=> 3rN different arj(q) => asmany a the crystals
internal degrees of freedom.

3) Nove in En(h) n= 1
...
& (or armay as basin.)

bWelbandaentrate
En(K) .

We always have time reverselsym.
wj(f)=wj(,)


