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M. Born and K. Huang, Dynamical Theory of Crystal Lattices,
Oxford, 1954; p. 44.
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Fia. 5. Comparison of the Debye (——) and Einstein (- ---) models.
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Lattice specific heat (Einstein, 1907) generalized
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Eunon  cliapler 2 DensnTYkof states

Let us consider, for simplicity, a single branch of the spectrum. The e Yo use w instead of v.

proportion of modes with frequency in the range dv is equal to The true mathematical
' meaning of Ziman's expression
0L sﬁs”fdsq’ (2.65) is correctly captured by the

where the integration is through the volume of the shell in q-space Dirac delta function:

where v < v, < v+dv.

20) = snlstdzi' D(a)):%gd(w—a)@):

(a) a)Q)

(272. BZ

saddle point S, . . .
s, singularities t‘ Einstein model:
D(v) _ wE
ini Maximum
Minimum + 5 X ol
1 ebye model:
w Moo | @=vlo
V -
Fig. 27. Differant types of van Hove singularity. BZ—Spher'e of volume
(27Z)3 4w
D( )—35( - ) Vi, = % = 3 Op
E w)= @ a)E cell
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hwp, = k0,




Ziman Pp 47-49 Let us suppose that q, is a critical point. Since v, is a continuous

. ey function of q, it can be expanded as a Taylor series around that point.

Van Hove SIHQUIGI"ITICS The linear terms vanish, because v, = 0, and the quadratic terms can
q

be reduced to a sum of squares by a principal axes transformation.
Thus, we can write

r~ Vo= Vet B+ 3+ &3+ ..., (2.70)
0) 2() where § = q — q, is the vector distance from the critical point, referred
to the local prinecipal axes, and the coefficients a,, «,, a; depend on

local second derivatives of v, with respect to q.
For example, suppose that «;, a,, ¢, are all negative. Then v is near
alocal maximum. The constant frequency surfaces (2.70) are ellipsoids;
b2 by elementary analytical geometry, the volume enclosed by the

" > 5 - surface v, around q,, is given by
@ ® 3 (=) (2.11)
Fig. 25. (a) The Debye spectrum. (b) A true lattice spectrum. ]al Ay as{ b

whence we find, from (2.65), after a differentiation with respect to v,

1

—v)}, 2.72
4n2N|a1aza3]#(V° ) (2.72)

Z(v) =

@ 1 dS' This holds forv < v,; when v > v, there is no contribution to 2(v) from
(V ) = 872N the neighbourhood of g, Thus, this singularity does not spoil the
7 vq continuity of 2(v), but its slope, %(v)/dv, is discontinuous and tends

to— oo as v -» y, from below.

There are other possibilities for the coefficients a,, a,, @,. Thus, if
one is positive and the other two negative, we have a saddle-point of
index 1. In that case the form of the spectrum in the neighbourhood of
v, becomes, by exactly the same sort of analytical geometry,

C+0(v—v,) (v<v,),
D) = i . (2.73)
Syt e pueint 0 Y ~
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Density of states

A. S. Cote, I. Morrison, X. Cui X, S. Jenkins, and D. K. Ross,
Ab-initio density-functional lattice-dynamics studies of ice
CAN. J. PHY. 81, 115 (2003).

8 molecules/cell & 72 branches
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G. Dolling, R. A. Cowley, C. Schittenhelm, and I. M. Thorson,
Normal Vibrations of Potassium Iodide, Phys. Rev. 147,577 (1966)
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2. Local Modes in Potassium Iodide
REDUCED WAVE VECNOR DINATE [ = 3=
Recently, several observations have been made™® of

. . localized modes of vibration in KI containing small

An ; ] A nlce 3'd SCldd'@ p0|n1. amounts of KNO,. A calculation of the vibration fre-
. . quency of the NO,~ ion in the KI lattice, on the basis

B van H ove si ngu IGF' | 1. of simple mass-defect theories,' indicated that it would

probably fall in the gap in the frequency distribution

function of the host. In practice, a complex spectrum

A of localized modes is observed, which is believed®! to

r CC C ocC )/\ g y be assocmtfid.thh various rotatwna% degrees of freedom
of the NO,~ ion. The present experiments and calcula-

— : ; L 5 tions give the location of the energy gap in pure KI
n with a precision of 2 or 3%, and confirm that the local

F16. 4. Equivalent “Debye” frequencies computed from the . . )
moments of ?he distribution function (Fig. 2) and compared with Z modes Of the KI-KNO2 sy stem dO n faCt fa'u W1thln
values (filled circles) derived from heat-capacity data.? W/ that gap

MODEL CALCULATION
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