


Density of states

A. S. Cote, I. Morrison, X. Cui X, S. Jenkins, and D. K. Ross,
Ab-initio density-functional lattice-dynamics studies of ice
CAN. J. PHY. 81, 115 (2003).
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G. Dolling, R. A. Cowley, C. Schittenhelm, and I. M. Thorson,
Normal Vibrations of Potassium Iodide, Phys. Rev. 147,577 (1966)
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2. Local Modes in Potassium Iodide
REDUCED WAVE VECNOR DINATE [ = 3=
Recently, several observations have been made™® of

. . localized modes of vibration in KI containing small

An ; ] A nlce 3'd SCldd'@ p0|n1. amounts of KNO,. A calculation of the vibration fre-
. . quency of the NO,~ ion in the KI lattice, on the basis

B van H ove si ngu IGF' | 1. of simple mass-defect theories,' indicated that it would

probably fall in the gap in the frequency distribution

function of the host. In practice, a complex spectrum

A of localized modes is observed, which is believed®! to

r CC C ocC )/\ g y be assocmtfid.thh various rotatwna% degrees of freedom
of the NO,~ ion. The present experiments and calcula-

— : ; L 5 tions give the location of the energy gap in pure KI
n with a precision of 2 or 3%, and confirm that the local

F16. 4. Equivalent “Debye” frequencies computed from the . . )
moments of ?he distribution function (Fig. 2) and compared with Z modes Of the KI-KNO2 sy stem dO n faCt fa'u W1thln
values (filled circles) derived from heat-capacity data.? W/ that gap
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(A

Lennard-Jones interatomic potential V| 5(r)

3 —

If a particle in this potential
has energy E>O, it is unbound.
if the energy obeys -e<E<0,
then it oscillates between

X; and X.. =




Harmonic approximation is hot enough

*High T Cv does not approach the classical Dulong&Petit Law.

/}l\lo Thermal Expansion

e No Infinite thermal conductivity &

N;Cv and (\Dp are the same

e Adiabatic and isothermal compressibilities are the same
[




Energy is conserved. | ! Harmonic

M (dr\’®
T — | — V"'
b= (dt) tVin)

Solve for dt and integrate.

r(t) (17
L=t = r:_, at = /r(f;) RE-V(r)/M Excitati
V Excitation

\If V(r) = Vi + kr*/2 then

L\ | energy
r —ro= Acos(wt + ¢) i
where w = W . 0.65 \11 { \l
Classical harmonic oscillator * o

has a natural scale of time (01)

but no natural scale of distance.
A is arbitrary. Excitation energy E - V,= kA?/2 is also.

\

< \——\4




Quamum Harmonic Oscillator

H = p’ /2M + k2 /2 Factorize the Hamiltonian.
Add quantum mechanics. Operators p,x: Y p \o(x\ 1, .
hw (Mwa ) " (a_) =§(aa +ala)
[p,z| = pxr —xp=~Hh/i implies p= (h/i)0/0z w v ’
Time-dependent Schrodinger Eqn. a a0 +1 Mwag a a0 Mo ~
zh— = H : =1
ot 4 a,a] = Mwaz[p 7] =
Stationary solutions. 1 1 1
| i(aaf +a'a) =a'a + 5 H = hw(a'a + 5)
If Hepy = Enhn then ¢, (t) = e Fnt/h Ground Stat
round State
The new constant /i, together with & and M,
define scales of length, time, and energy. Yo = |0) ~ o—3(x/a0)?

&~ \/W"/ Mw = ag Excited States

p~ V2hMw = Mwag

EN’C.’L'Z/QNPZ/QAIth af|71,>=\/7l+1|7l+1) a|n>=\/7—l|n—1>

H|n) = hw(n + l) n)

Level spacing E,.; - E, = hw



Lennard-Jones Potential

- V()/e=1/x12-2/x6 | |
-, /"
Taylor series (around x=1) || /| B
First 5 terms : “ iy
V(x)/g #-1+0+72(x-1)2/2 \‘ /,' ,’
-1512(x-1)%/3 ] ¥
+20664(x-1)'/41 £ |\ iy
‘Il : :; \\\ / /
ol | . 5
| '. | A i
S ;‘ P |
%20_— ‘l\ ,’ — | i
> 0 \\ | i
| | | P o
10— 1’ - X = 1'."I'O
/ | Level spacing in the L-J potential
i \ 3 will diminish as n increases.
L1 | L1 1 ST 1 | | . .
A » > Compute this by perturbation
X =11, .
theory. Small parameter:

hw/e or kyT/¢



Landau & Lifshitz, Quantum Mechanics, sec 38, problem 3

En — EnO — AEn —

)
&)

h
2Mw
° 1

hiw

2Mw

2
) 3(2n* 4 2n + 1)

3
) (30n° + 30n + 11)

Use Lennard-Jones values for V5, Vi, and Mw? = V5.

AEn —

384 € |3

th

Shift of ground state level AE, = —&ﬁh—i"ﬁ AE, _ 7 (ha)]
, 10, 64\ ¢
AEn —AEn_ L 7 (hu‘v) 1
+1‘2 1 i (n + 5)

Shift of spacing of n

7 (hw)? [41 ( .

level =

n®+n+ -

1 5 11)]
2) 35(n -+-n-+-3O

Relative shift of level spacing, for thermal average level 7

—

56.073.

W

TkpT

9

6

|

redicted oscillator
frequency shift



This harmonic approx will not change  In reality, temperature increases the
the bond length phonon amplitude, and at high temperature
the bond length changes (blue — red)

o
)
c
Q
e
o)
o

e.g. Lennard-Jones potential




Thermal expansion

-
Bt D) _ €77

— 1 — e(Bhw)

1hws(q) + kpTin[l — e~ Phws(@))

OF oU., Ows(q 1 e(—38hw) &UsqlN

P= (O =By, w2y Dy T = S hD(C 4n(B,()

ZLero for a perfectly

~ T independent harmonic crystal

In a perfect harmonic crystal the pressure required to maintain a
given volume does not depend on T
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Figure 7: Phonon bands of proton ordered ice XI.
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Figure 3: Proton ordered ice XI structure. The image on the left is the top
view of the x-y plane; the image on the right is the side view of the x-z plane.

Figure 9: Phonon density of states projected on hydrogen and oxygen for
H»0 of proton ordered ice XI.



Lattice parameter ( A)

4.54

Temperature (K)

Bolz and Mauer, 1962
Batchelder, Losee, and Simmons 1968

Heavy neon (22Ne) occupies 0.19% less
space than light neon (2°Ne) at T=0.

Fraction diminishes at high T.

Isotope shift vanishes at high T.

-



Outline

|. Theory of zero point and thermal lattice expansion:
Frozen lattice constant.
2. Isotope effects in Ne: Theory and experiments.
3. Isotope effects in ice: Experiments
4. Isotope Effects in ice: Empirical Force Field
5. Isotope Effects in ice: DFT
|. Frozen Volume
2.T=0
3.T>0
6. Hbond and quantum anomalies
/.0Other H-bonded systems. How anomalous is this effect?
8.Can we say anything about water?
9.Conclusions.



@ Theory of zero point and thermal lattice expansion (l)

/\—/—\

*To findV at T=0, By = E.0+ Z g — E,
we minimize: — . 2 A P

*At T>0 the equilibrium B g
V minimizes the F(V, T) = EO(V) + Z [Tq + kTlIn <1 — e kBT )]

Helmholtz free energy:

*Volume dependent - (V — V)
Quasiharmonic approximation: wq(Vq — wq(V()) 1 0 Yq
Frequencies depend only on V(T). (W, (V7Y i Vo _
F >
—~ L hw
5 dE-p/dV_
*Gruneisen parameter/ vy, = 4 <%> ‘TN:Z:?’?
— @ Al Vo >
| L Y




Theory of zero point and thermal lattice expansion (ll)

quasi-harmonic V-W 1
volume shift Vi VOBO Z Vi g, (nk + 2)

A T=0 ) > High T limit:
AV < T (7q)
AV o (yqwq) \Y

Isotope independent

< Classical limit (m=
Isotope | bt ot ) y
dependent Heavy isotope S ——Kzia—“’g V. |pa0D
Va > T Ty Lz v T2 oV
?W%jw g . T dD OK
D~ 1 L K~ 1
Y v [ oV “'[ oV
T=0 classical limit:
. . 2
Frozen volume.This is K.o— F
1) '

what DFT provides.

—



@  Theory of zero point and thermal lattice expansion

applied to Ni @CM>< W}

*Normal Isotope Effect
PB. Allen, Phil. Mag. B 70, 527 (1994) ‘Lal”ge Zero point lattice
expansion.

_IIIT]I|]I[I'IV_ITIIIII[II111
®e

Heavier

,., Lighter

a(T) (Angstroms)

Extrapolated bare lattice
AT N . constant a=4.255A

0 S 10 15 20 25

Temperature (K) ~15% zero point volume
expansion




K. Rottger, A. Endriss, J. Ihringer; S. Doyle and W. F. Kuhs

Lattice constants and thermal expansion of H,O and DO

Isotope effects in ice: experiments

ice |h between 10 and 265K
Acta Cryst. (1994). B50, 644-648

Unit Cell Volume [A3]

: i
Zero Point DOj "~ *°
Contraction =
m e HZO
- [ ]
m e
o o
me®
H [ ]
" e
o

I L
50 100 150 200 250 300
Temperature [K]

*Inverse isotope effect!
*V(H,0)<V(D20) by
0.09%

*Deviation is increasing
rather than decreasing as
T increases

Should Vg be
> exps. or < exps!



I.Caﬁgﬁeory Reproduce experiments!?
*Path Integral Molecular Dynamics & Empirical force Field

'QT|P4P F (S. Habershon, T.
arkland, and D. E. Manolopoulos, J.

Chem. Phys. 131,024501 (2009).)

Isotope effects in ice lh: A path-integral simulation

Carlos P. Herrero and Rafael Ramirez, JCP 134,9,201 |
817711

19.6 7 *Ring polymer, 32
] beads,
19.4

B} NPT ensemble
] e All anharmonicities

taken into account.
‘ oSystem: 96 H>0,

19.2

Molar volume (cm>/mol)

19 |- - :
proton disordered
. Classical ke
18.8 |-
- NOM«MQ = FJ %ﬁk)
18.6 -——~1—
0 50 100 150 20 250 3

Temperature (K)



33

32.5

31.5

V (AS / molecule )

(Y
[—

30.5

N
(\®

2.Is the QHA sufficient!?

Compare PIMD to QHA using g-TIP4PF YES

| ' | '
q-TIP4P/F

[ classical limit
\ o—a PIMD, H,0

o—o PIMD, D20

— QH, HY
—-- QH, DO

\ \ | \ | \ | N | N
0 50 100 150 200 250

T(K)

300

QH2=

7w =i (1 P V“)

Vo

Although temperature
dependent anharmonicities are
not negligible, the overall
results and behavior are very
well reproduced by the QHA



3.Can DFT Reproduce experiments!?
* Performance of different XC potentials on the Frozen Lattice
parameter

0.007 Experiment

10 K

0.006

0.005

eV

0.004

0.003
Il

0.002 v

0.001 4

S & 2
(o 4!

PBE | BB\ revPBE | revPBE-vdWEZ=[DRSLL

-0001 LI | | I | | | | LI | | L | LI | LI LI L LI
115 120 125 130 135 140

Volume [A3]

0

IllllllllllllIllllllllllllllllllllllllll




e =0

Different Ice
Structures

o S L e

FIG. 1. Unit cell of the H-ordered ice XI structure. The
image on the right is the top view of the x-y plane; the image
on the left is the side view of the x-z plane.

© 3.Can DFT Reproduce experiments!

ice |h (BF structure, proton ordered)

,«J O) ; ‘
J 2 )
«b & 2
oo &
FIG. 2. Bernal-Fowler ice Ih structure. The image on the

right is the top view of the x-y plane; the image on the left is
the side view of the x-z plane.

ice Ih, 96 H20, proton disordered

-

—Q

" -‘J ) J " ' % 4 )
ST RN
','__, ) ,',_..‘_,*,C_.J e, /'; » ’

FIG. 3. H-disordered ice Ih structure. The image on the right
is the top view of the x-y plane; the image on the left is the
side view of the x-z plane.



3.Can DFT Reproduce experiments!?
*Calculation details

*SIESTA code, TZP basis.
*5(3) volumes, relaxations with F<0.00| ev/A

* Phonon calculations: Frozen Phonon approximation + q sampling
(gamma only in disordered proton system).

*Several finite phonon displacements.

* Gruneisen parameters: Numerical evaluation of frequency
derivative (3 or 5 data points).

* PIMD simulation (32 beads) for ice Xl (100K).

Anomalous Nuclear Quantum Effects in Ice

B. Pamuk.! J. M. Soler.? R. Ramirez.® C. P. Herrero.® P. W. Stophons.1 P. B. Allen.! and M.-V. Fernandez-Serral *

ArXiv, submitted



e =0

Isotope Substitution: Proton site

@ 3.Can DFT Reproduce experiments!?

T(K) k-mesh Structure Method XC Via  H20 D-O IS(H_D)
0 24  H-disordered QHA PBE 29.91 29.93 30.04 —0.35%
0 1 H-ordered QHA PBE 20.98 2991  30.065 —0.47%
0 1 H-ordered QHA vdW-DFPBE 3088 31.01 31.10 —0.29%
0 1 H-ordered QHA revPBE 32.84 32.88 32.98 —0.30%
0 1 H-ordered QHA vdW-DFrevPBE 33 45 33.73  33.76  —0.09%
0 720  H-ordered QHA PBE 20.98 30.09 30.19 —0.33%
0 729  H-ordered QHA vdW-DFPBE 3088 31.17 31.22 —0.16%
0 729 H-ordered QHA revPBE 32.84 33.18 33.23 —0.15%
0 729  H-ordered QHA vdW-DFrevPBE 33 45 3395 33.94 40.03%
10 disordered Exp[10] 32.06  32.08 —0.09(2)%
100 disordered Exp (this work) 32.04(1) 32.11(1) —0.23(1)%

*Except for one case, anomalous effect is reproduced
*The frozen lattice constant should be < experimental value.



e =0

Isotope substitution: O site

3.Can DFT Reproduce experiments!?

T(K) k-mesh Structure Method XC Ve H20 Ho'®O IS(*°0 -*°0)
0 24  H-disordered QHA PBE 29.91 29.93 29.91  +0.07%
0 1 H-ordered QHA PBE 29.98 29.91 29.89 +0.07%
0 1 H-ordered QHA vdW-DFFPBE 3088 31.01 30.98 +0.10%
0 1 H-ordered QHA revPBE 32.84 32.88 32.85  40.09%
0 1 H-ordered QHA vdW-DFrevPBE 33 45 33.73  33.70 +0.09%
0 729 H-ordered QHA PBE 29.98 30.09 30.07  4+0.07%
0 729  H-ordered QHA vdW-DFPBE 3088 31.17 31.14 +0.10%
0 729 H-ordered QHA revPBE 32.84 33.18 33.15  40.09%
0 729  H-ordered QHA vdW-DFrevPBE 33 45 3395  33.92  +0.09%
10 disordered Exp|[10] 32.06

*|sotope effect on O is normal

e All functionals predict very similar isotope effect on O.



@ 3.Can DFT Reproduce experiments!?
* T>0 New experiments

Isotope effect on O site predicted by Experiments

.o Peter Stephens, Stony Brook University
~ & NSLS, BNL

T=100 K

1,0  DyO Hy®O IS(H-D) IS(*°0 -1B0)
32.04(1) 32.11(1) 32.01(1) —0.23(1)% +0.08(4)%




3.Can DFT Reproduce experiments!?
e T>0

Temperature dependence.

2 - ' I
E _no
&Q 1 5 __ —— DZO
=~ [ 10
- )
1 1 - H2180
t = -—- Classical
> H,O (Exp)
>.I y 5:_ = D,0 (Exp)
E 0 l::_-i:::_::i-i_;; ..........
> B
- - PBE -
< —05 __ /‘/ VdW_DF __
-1 " . | g ] , I . l . |
’ 50 100 150 200 350

Temperature ( K )

FIG. 2. (Color Online). Volume change V(7T')/Vu,0(0) —
1, relative to that of HoO at T' = 0, for different isotopes

calculated using the QHA with the vdW-DF'BE functional.
Also shown are the experimental results from Ref. 10.



3.Can DFT Reproduce experiments!?

e >0 W\@@/ E L7

Only 1% SETTI //
zero point el
volume ce °
expansion! ‘/‘/
(Ne ~15%) i
-0. e
7
-
0/‘
-1
0 50 100

Overall normal isotope effect, O dominated



@ 3.Can DFT Reproduce experiments!?

e T>0

Temperature dependence.

2r | ' | | | VL
R Ko A
§ 15 ._ - DZO /',' = O
~ - ... T,0 ke
-) L
“ 1__ H2180
t = -=- (Classical
C o H,O (Exp)
>.I 05F « D,0Exp)
SR S Wwa v )
> [ P
7 PBE
< 05 - e vdW-DF
_1:" | ! | | | |
0 50 100 150 200 250

FIG. 2. (Color Online).

Temperature ( K )

Volume change V(7T')/Va,0(0) —
1, relative to that of HoO at T' = 0, for different isotopes
calculated using the QHA with the vdW-DF"P® functional.

Also shown are the experimental results from Ref. 10.

Overall
anomalous
Isotope

effect, H
dominated



What does the anomalous effect tell us about
hydrogen bonding!?

— e o —— g ——————— § T o . m g wwm w o W —————

J. Chem. Phys. 131, 024501 (2009); doi:10.1063/1.3167790 (711 pages)
Competing quantum effects in the dynamics of a
flexible water model OO0

Scott Habershon, Thomas E. Markland, and David E. Manolopoulos

Quantum nature of the hydrogen bond

“Intramolecular zero point fluctuations
Xin-Zheng Li, Brent Walker, and Angelos Michaelides'

increase the average O—H bond length
and the average molecular dipole moment,

leading to stronger intermolecular PNAS, 108, 201 |

interactions and slower diffusion, while

intermolecular quantum fluctuations Quantum effects weaken “weak’ H-bonds
disrupt the hydrogen-bonding network and strengthen “Strong” Hbonds.

leading to more rapid diffusion. In our g-

TIP4P/F model, these two effects nearly DFT (PBE)PIMD, only 16 beads!

cancel one another, leading to a
comparatively small net quantum effect on

the diffusion coefficient.” é
20 = N
PIMD, 32 beads % Q — Q




O-H stretching frequency v/ cm™

What does the anomalous effect tell us about hydrogen bonding?

OH--O Anti-correlation Effect

*Well know effect in water and ice
*Common in Hbonded systems.

4000

3500 |-

3000 |-

2500

élce [h d(O---0O) = 2.

Slope: Y negative!!!
i V d
FQ — — CUQ

wQ dV

|

75 A

FU— -

3.2 3.4

1999
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FIG. 3. (Color online). Top: Density of vibrational states for
H2O, projected onto H and O atoms, for the ordered ice Ih
structure, as obtained with vdW-DFPBE functional. Bottom:
average Gruneisen constants of the different modes.



o) Is this anomaly exclusive to ice?

K. Komatsu, T. Kuribayashi, A. Sano, E. Ohtani and Y. Kudoh, Redetermination
of the high-pressure modification of AIOOH from single-crystal synchrotron

data,Acta Cryst. E, 62,i216 (2006).
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FIGURE 5. Pressure evolution of the unit-cell volume of 3-AIOOH.
The solid lines represent the fit using a second-order Birch-Mumaghan
equation of state for the data from ambient pressure to 63.5 GPa (ALL).
to 10 GPa (LP = low pressure) and from 10 to 63.5 GPa (HP = lugh
pressure). The dashed line represents the fit to a third-order Birch-
Murnaghan equation of state for the data to 63.5 GPa. Error bars are
smaller than the symbol size.
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FIGURE 6. Pressure evolution of the unit-cell volume of 6-A100D.
The solid lines represent the fit using second-order Birch-Mumaghan
equation of state for the data from ambient pressure to 34.9 GPa (ALL),
to 12.1 GPa (LP) and from 12.1 to 34.9 GPa (HP). The dashed line

represents the fit to a third-order Birch-Murnaghan equation of state for
the data to 34.9 GPa. Error bars are smaller than the symbol size.

0.4% inverse isotope volume shift at 300K
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Heavy water (at 290K) has 0.37%

more volume per molecule than light water.
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Is this anomaly exclusive to ice?

eHeavy ice melts at 3.82°C
and (at 265K) has 0.24% more

volume per molecule than light water.

eDeviation is increasing rather
than decreasing as T increases

Questions:

|. Can good force fields reproduce
experiments!?

2.ls quasi-harmonic theory?
sufficient?

3. Can DFT reproduce experiments!?

. Are van der Waals correlations
important L

. How sensitive are Gruneisen parameters
to the XC?

3.What does it tell us about
hydrogen bonding?



Can we predict what will nuclear quantum effects will do in water?

eThe structure of water is verK different. There are interstitial
vdW-type bonds that change the potential energy surface.

*Both stretching and libration frequencies are red-shifted in
water, therefore an argument cannot be made in favor of an
overall strengthening or weakening effect without detailed
analysis.

*The QHA works very well for ice. It might also give useful
information in the analysis of inherent structures in water.

PBEx+vdWc¢ |

Ist H-bonded neighbors

Other 2nd neighbors

Iy, (Ang)

3.15 H-bonds/molecule



Conclusions

*Quasi-harmonic approximation works very well in
ice.

*‘New’” water anomaly: inverse (proton) and
normal (O) isotopes effect in the volume of ice.

eAt low T the normal effect dominates, but for
T>~100K the inverse isotope effect governs the
behavior.

*The effects are large at the melting temperature,
might also be important in liquid water.

* Flexible force fields should aim to reproduce
frequencies and their derivatives in order to capture
the effect.



