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8 molecules/cell Î 72 branches

“OH stretch” modes

·
Y

8-
on

-



G. Dolling, R. A. Cowley, C. Schittenhelm, and I. M. Thorson,
Normal Vibrations of Potassium Iodide, Phys. Rev. 147, 577 (1966)

[inelastic neutron scattering experiment] 
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easurementof percus
· We already sawthat the determination of the structure
of crystals in done with elactic ray scatteringmethods

.

~ - high energy x Rays (xel) scattered by electrons.
k=Momentum is conserved , energy is conserved. horg

fr

* incidentmoment diffe
moucutom

161-2 /k/oino -> Ewald conditions 1K1 ://
-:X-ray elastic scattering =>map of the reciprocalfattice.

~

-

We can use X-Rays (photons) To means phone dispersion relations,

hot the Technique is much harder due to the very smallchangein momentor
↑

I The De Boglie wave leughth of neutrons with energyFro
↑ is~ lattice spacing .

The shift due to phonon energyE-

0
.ore) can be meaneed .

For elections , ye lattice spacing Ente
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Conservation of eystal mentio
->Lattice : Quantum harmonie hamiltonian

19= 19) + There are
g phones of gij type

-The normal mode gj is in its naj excited state.

->
a reston somes

,
and it's scattered by the lattice .

The

wergy
and momentum of the vertra changes , leaving the lattice

im State (d)
- (9) =PN3

E-z =-EhWgj Ang Arj = Ngj - Rajgj

The change in energy of The neutron-energy of the phonons
it has absorbed or united along it's passage
To be able to get info on the phonom fagrencies from experi-
went we need another conservation rule :

Conservation of crystal momentum.
w -> neutron-ion (nucleus)H -Ew(r-r-u(R)) interaction potentialnu ; R
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Mil unaffected by Tavolations by Der Grar.R . (
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UCE]-> UCR + Ro)()
e) shift of The verton cordinate by a lattice restor
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C) shift of The ion displacement.

1 H = [W--UCR)=En-
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crystal momentio of phonon = EntFor
J change inaston momentio = - change in Total
phonon crystal momentum to within an additive RLV

Normal UMKLADP - -

F
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ton wateingbya retal
· Neutron interacts only with nelei (or with I though their
magnetic moment) habsorptier Telastic
Iretrom
& PeBeing>

Ye E-traph Er

Neutron Mm = 1838 me ha
En:

tg = p -p
Neutron interacts with lattice potential
VE) :Ev(r(r)) vir)= RivCR)RI vertim ou displacement.

neutron-ion un
interaction potential ↓ FourierTransform
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nation~ a com -> farrier complemente que' an
Vecontent for ranges ~18 cit (The experimental&

energy ange) ig[r-R(r)]
V(r) : ageZe

MmV %,R

Scattering probability Ferri Golde Rule

Clowestorder Time dependent↓ p- pr
perturbation Th.)

cross section

Initial
energy : Ei =Ei+

Exquistate of the lattice Hamiltonian.

Final
energy : Ex : Ex + P

Z

M
Tobability
= P- -fitha) /Matrix Element?

ipr
· Finitial state : Fe ICata- DEMj]
·Final viate : /

, 1953 = 1355;3



Matrix element a/
Elec Id,

- iDr(R)

-e 19
- iP(R +ur))

=) - settering ME1219h Wave reste
-static, ideal lattice
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Sif = Fi =Eg =s Elastic scattering
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Bagg difaction of veutrons



Real crystals (3D systems only ratom in basio)
Mec[meur) /di
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(E) A(q) = Uj) (aj + a) One phonee3

19) = 1...
... ...

--

-

19) .. .. ..........g
-

(2) C)

-phoneuniviempos y ore phone posa

(D) (j) = - if i E(s))
&

- -
Y
Polarization selection rule

, usefulfor determining phonom
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Note :
The extra momentum to is transferred to the crystal

as a whole
. This is a translation of the center of masof

The crystal , which has no effect on the# of normalmodes.
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· plan absorption : Ze
Energy Conserved (h) ta()En

· Phoron Emission ; phonou momentum : (g)
Xer
Yea F

K

Energy covered h EWEj)EMn Y

↳W



A(j) = at a aln)- /n -)

a(n)= (n +)
T= 2, n = 0

a10) = no phonom absorbation

a
+

10) = /1) , phononam umission allowed.

() 0 (g =, g3 ,94) -
Sh background in

The scattering
g" -- a phonem operator data
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Consider elastic scattering 197 = 198)
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Can be showe :

ME = NSag Mr A) A)gj
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Harmonic approximation is not enough

•High T Cv does not approach the classical Dulong&Petit Law.

•No Thermal Expansion

• No Infinite thermal conductivity

•Cv and Cp are the same

•Adiabatic and isothermal compressibilities are the same
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Thermal expansion

F = U � kBT
�

q,s

lnZ; Z =
⇥�

n=0

e[��(n+ 1
2 )�⇥] =

e(� 1
2 ��⇥)

1� e(��⇥)

F = Ueq +
�
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(
1
2
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+ n(�⇥s(q)))

T independent Zero for a perfectly 
harmonic crystal

In a perfect harmonic crystal the pressure required to maintain a 
given volume does not depend on T
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Heavy neon (22Ne) occupies 0.19% less 
space than light neon (20Ne) at T=0.

Fraction diminishes at high T.

Isotope shift vanishes at high T.

Isotope shift of lattice constant

Bolz and Mauer, 1962
Batchelder, Losee, and Simmons 1968
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                      Outline

1. Theory of zero point and thermal lattice  expansion: 
Frozen lattice constant.

2. Isotope effects in Ne: Theory and experiments.
3. Isotope effects in ice: Experiments
4. Isotope Effects in ice: Empirical Force Field
5. Isotope Effects in ice: DFT

1. Frozen Volume
2. T=0
3. T>0

6. Hbond and quantum anomalies
7.Other H-bonded systems. How anomalous is this effect?
8.Can we say anything about water?
9.Conclusions.



Theory of zero point and thermal lattice expansion (I)

F (V, T ) = E0(V ) +
⇧

q

⇤
��q

2
+ kBT ln

�
1� e

���q
kBT

⇥⌅•At T>0 the equilibrium 
V minimizes the 
Helmholtz free energy:

•Grüneisen parameter

V

1

2

X

q

~!q

dEzp/dV
is usually 
negative�q ⌘ �

✓
V0

!q

◆✓
@!q

@V

◆

V0

•To find V at T=0, 
we minimize:

Egs = Eel,0 +
�

q

��q

2 Ezp

⇥q(V ) = ⇥q(V0)
�
1� (V � V0)

V0
�q

⇥•Volume dependent 
Quasiharmonic approximation: 
Frequencies depend only on V(T).
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Theory of zero point and thermal lattice expansion (II)

T

V
Isotope independent

High T limit: 
�V / T h�qi

At T=0 

�V / h�q!qi

Isotope 
dependent

quasi-harmonic 
volume shift 

V � V0

V0
=

1

V0B0

X

k

�k~!k

✓
nk +

1

2

◆

Classical limit (m=∞)
Light isotope
Heavy isotope

T=0 classical limit: 
Frozen volume. This is 
what DFT provides.
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P.B. Allen, Phil. Mag. B 70, 527 (1994) 

Extrapolated bare lattice 
constant a=4.255A
~15% zero point volume
expansion

Theory of zero point and thermal lattice expansion 
applied to Ne

•Normal Isotope Effect
•Large zero point lattice 
expansion.

-a(M)< a(m)

I
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K. Röttger, A. Endriss, J. Ihringer, S. Doyle and W. F. Kuhs

Lattice constants and thermal expansion of H2O and D2O 
ice Ih between 10 and 265K
Acta Cryst. (1994). B50, 644-648

•Inverse isotope effect!
•V(H2O)<V(D2O) by 
0.09%
•Deviation is increasing 
rather than decreasing as 
T increases

Isotope effects in ice: experiments

Should V0 be
 > exps. or < exps?



1.Can Theory Reproduce experiments?
•Path Integral Molecular Dynamics & Empirical force Field

•QTip4P-F  (S. Habershon, T. 
E. Markland, and D. E. Manolopoulos, J. 
Chem. Phys. 131, 024501 (2009).)

•Ring polymer, 32 
beads,
•NPT ensemble
•All anharmonicities 
taken into account.
•System: 96 H2O, 
proton disordered 
ice.Classical

H2O

D2O

T2O

Isotope effects in ice Ih: A path-integral simulation

Carlos P. Herrero and Rafael Ramírez, JCP 134, 9, 2011

NO
Some

G

&- 6
unt

P ↑
Normal isotope effect:



2.Is the QHA sufficient?
Compare PIMD to QHA using q-TIP4PF

QH2⇒
!k(V ) = !(V0)

✓
1� �k

V � V0

V0

◆

Although temperature 
dependent anharmonicities are 
not negligible, the overall 
results and behavior are very 
well reproduced by the QHA

YES



3.Can DFT Reproduce experiments?
• Performance of different XC potentials on the Frozen Lattice 
parameter

=DRSLL



3.Can DFT Reproduce experiments?
• T=0

Different Ice 
Structures

ice XI

ice Ih (BF structure, proton ordered)

ice Ih, 96 H2O, proton disordered



3.Can DFT Reproduce experiments?
•Calculation details

•SIESTA code, TZP basis.

•5(3) volumes, relaxations with F<0.001 ev/A

• Phonon calculations: Frozen Phonon approximation + q sampling 
(gamma only in disordered proton system).

•Several finite phonon displacements.

• Grüneisen parameters: Numerical evaluation of frequency 
derivative (3 or 5 data points).

• PIMD simulation (32 beads) for ice XI (100K).

ArXiv, submitted



3.Can DFT Reproduce experiments?
• T=0

Isotope Substitution: Proton site

•Except for one case, anomalous effect is reproduced
•The frozen lattice constant should be < experimental value.



3.Can DFT Reproduce experiments?
• T=0

Isotope substitution: O site

•Isotope effect on O is normal
•All functionals predict very similar isotope effect on O.



3.Can DFT Reproduce experiments?
• T>0 New experiments

Isotope effect on O site predicted by Experiments

T=100 K

Peter Stephens, Stony Brook University
NSLS, BNL



3.Can DFT Reproduce experiments?
• T>0

Temperature dependence. 



3.Can DFT Reproduce experiments?
• T>0

T< 100 K

Only 1%
zero point
volume 
expansion!
(Ne ~15%)

Overall normal isotope effect, O dominated

m(Ne) ze
m(20) =1

L

f



3.Can DFT Reproduce experiments?
• T>0

Temperature dependence. 

Overall 
anomalous 
isotope 
effect, H 
dominated



What does the anomalous effect tell us about
     hydrogen bonding?

“Intramolecular zero point fluctuations 
increase the average O–H bond length 
and the average molecular dipole moment, 
leading to stronger intermolecular 
interactions and slower diffusion, while 
intermolecular quantum fluctuations 
disrupt the hydrogen-bonding network 
leading to more rapid diffusion. In our q-
TIP4P/F model, these two effects nearly 
cancel one another, leading to a 
comparatively small net quantum effect on 
the diffusion coefficient.”

PIMD, 32 beads

PNAS, 108, 2011

Quantum effects weaken “weak” H-bonds 
and strengthen “Strong” Hbonds.

DFT (PBE)PIMD, only 16 beads!

·
00 dB

Ne



What does the anomalous effect tell us about  hydrogen bonding?

OH--O Anti-correlation Effect

•Well know effect in water and ice
•Common in Hbonded systems.

Ice$Ih$d(O)))O)$=$2.75$Å$
Slope:$Γ$negative!!!$

E.$Libowitzky,$
1999$

C. J. Burnham, G. F. Reiter, J. Mayers, T. Abdul-Redah, H. Reichert 
and H. Dosch, On the origin of the redshift of the OH 
stretch in Ice Ih: evidence from the momentum 
distribution of the protons and the infrared 
spectral density, Phys. Chem. Chem. Phys., 2006, 8, 3966

γ
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What does the anomalous effect tell us about hydrogen bonding?



K. Komatsu, T. Kuribayashi, A. Sano, E. Ohtani and Y. Kudoh, Redetermination 
of the high-pressure modification of AlOOH from single-crystal synchrotron 
data, Acta Cryst. E, 62, i216 (2006).  

Each O atom binds
to 3 Al, and shares
1 H with another O.
A different kind
of H-bond?

Metastable at
atmospheric pressure;
an important deep 
earth water sink?
(Al2O3).H2O

Is this anomaly exclusive to ice?



A. Sano-Furukawa, H. Kagi, T. Nagai, S. Nakano, S. Fukura, D. Ushijima, R. Iizuka, E. Ohtani, and T. Yagi, 
Change in compressibility of δ-AlOOH and δ-AlOOD at high pressure: A study of isotope effect 
and hydrogen-bond symmetrization, Am. Mineral. 76, 1769 (2009).

0.4% inverse isotope volume shift at 300K



•Heavy ice melts at 3.82oC
and (at 265K) has 0.24% more
volume per molecule than light water. 

•Deviation is increasing rather
than decreasing as T increases

Questions:

1. Can good force fields reproduce 
experiments?

2.Is quasi-harmonic theory?
     sufficient?

3.  Can DFT reproduce experiments?

• Are van der Waals correlations 
important

• How sensitive are Grüneisen parameters 
to the XC?

3. What does it tell us about
     hydrogen bonding?Heavy water (at 290K) has 0.37% 

more volume per molecule than light water.

Is this anomaly exclusive to ice? 



Can we predict what will nuclear quantum effects will do in water?

•The structure of water is very different. There are interstitial 
vdW-type bonds that change the potential energy surface.

•Both stretching and libration frequencies are red-shifted in 
water, therefore an argument cannot be made in favor of an 
overall strengthening or weakening effect without detailed 
analysis.

•The QHA works very well for ice. It might also give useful 
information in the analysis of inherent structures in water.

3.15 H-bonds/molecule



Conclusions
•Quasi-harmonic approximation works very well in 
ice.

•“New” water anomaly: inverse (proton) and 
normal (O) isotopes effect in the volume of ice.

•At low T the normal effect dominates, but for 
T>~100K the inverse isotope effect governs the 
behavior.

•The effects are large at the melting temperature, 
might also be important in liquid water.

• Flexible force fields should aim to reproduce 
frequencies and their derivatives in order to capture 
the effect.


