
Electrons in a periodic potential and NFE approximation: Band gaps, Bragg Planes 
and Zone Edges

Lectures 8-9



Bloch’s Theorem (review)

�nk(x) = eikxunk(x),
unk(x + R) = unk(x)

Form 1

�nk(x + R) = eikR�nk(x)Form 2
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Crystal structures from 
x-ray diffraction



Determination of crystal structure
• In 1913 W. H. and W. L. Bragg found crystalline gave characteristic 

patterns of reflected x-rays.

• Assuming specular reflection off 
lattice planes.

• The condition for constructive 
interference becomes

2d sin θ = nλ 

• This is known as the Bragg 
condition 

θ

= d sin θ

d



The Von Laue formulation
• Doesn’t assume specular reflection
• No sectioning by planes
• Rather, at each point on the Bravais lattice the incident ray is 

allowed to be scattered in all directions



Von Laue Formulation

θ

θ´

k = kn

k´ = kn´
d

The path difference is then

 d cos θ + d cos θ´ = d • (n - n´),

Constructive interference is, 

d • (n - n´) = mλ

First, consider only two scatterers.

k = 2π/λ
k´ = 2π/λ

d cos θ

d cos θ´

n´

n



Von Laue Formulation
• With an array of scatterers; one at each point of the 

Bravais lattice
• The last slide must hold for each d that are Bravais 

lattice vectors, so

R • (k - k´) = 2πm
or

eiR • (k - k´) = 1!!!!
Compare to the definition for the reciprocal lattice!

The Laue condition - constructive interference will occur provided that 
the change in wave vector, K = k´ - k, is a vector in the reciprocal lattice.



Elastic scattering: Both incident and scattered wave vectors have the same 
magnitude.
Lets express it as a function of the incident vector

| k| = | k�| = k

 k� =  G +  k;
| k�| = | G +  k| �⇥ k = | G +  k|

k2 = G2 + k2 + 2 G k �⇥ G2 + 2 G k = 0 �⇥  G + 2 k = 0
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 G

G
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 k n = 1/2G with  n =
 G

G

Which means that the component of the incident wave vector K along the 
reciprocal lattice vector G must be 1/2 G.



Equivalence of Braggs and Von Laue Formulations:
The key is to notice that the scattering is elastic, therefore the specular reflection condition in 
Bragg translates to the condition that the incident wave vector k along the reciprocal lattice 
vector G (G=difference between incident and reflected wave vectors) must be 1/2G.
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G0 is the shortest RL 
vector in the G direction.



Planes normal to vectors G at their midpoint are zone boundary planes.
An x-ray beam in the crystal will be diffracted if it satisfy: k*(1/2 G)=((1/2 G)2 
The diffracted beam beam will be in the direction k-G. The Brillouin construction 
has all the wave vectors k that can be diffracted by the crystal.



Ewald Construction
Condition for constructive interference, K = k´ - k, is a 
vector of the reciprocal lattice. 

Note this is the RECIPROCAL lattice

K



Back to the NFE model



1-dimensional NFE model

(a) k away from BZ boundaries

(b) k on Bragg planes

(c) k near BZ boundaries
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Truncate Schrödinger equation to 2 x 2 
alternate view: do “degenerate perturbation theory” for 
the case where two plane waves have nearly the same kinetic energy.

energy 
raised

energy 
lowered



Extended Zone scheme

Reduced Zone scheme

Repeated Zone scheme



3D free electrons, folded into 1st BZ, FCC



Lu. J. Sham, phy 211A, UCSD





kF = (3�2n)1/3,

n = 2/a3

kF = (3/4�)1/3(2�/a)
�N = (2�/a)[(1/2)2 + (1/2)2]1/2
kF = 0.877�N





A&M Chapter 9 problem 3
Consider the point W (kw=(2pi/a)(1,1/2,0) in the brillouin zone of the fcc 
structure. Here three Bragg planes (200),(111),(11-1) meet, and accordingly 
the free electron energies are degenerate when k=kw









Appendix: Xray 
diffraction+atoms in 

the basis



 

 

 

 

 

Crystal Generation

Fast Fourier Transform

Atom Generation

Input reading
Allocation of memory

Variables definition



a=4, 1 atom in unit cell



a=4, two atoms in unit cell



X-Ray Scattering Amplitude is given by 
∑Re(i K⋅ R) ∑j fj(K) e (i K⋅ rj) 
(j = index running over atoms in the basis) 

The 2nd summation is called a structural factor (SK) and fj(K) 
is an atomic form factor 

SK= ∑j fj(K) exp (i K⋅ rj) 

If atoms are identical then atomic form factors are independent of j, 

and SK reduces to a geometrical structural factor. 

Structural Factor and Atomic Form Factor 







•V = volume of unit cell
•V* = volume of reciprocal unit cell
•V V * = (2π)d  (d = dimension, 1, 2, 3)
•Reciprocal of fcc is bcc and vice versa
•Reciprocal of hexagonal is hexagonal

[First] Brillouin zone≡Wigner Seitz Cell of
the momentum (i.e. wave vector) space.



•Any plane containing at least 
three non-colinear Bravais
Lattice points ≡Lattice Plane

•For a given BL and a LP, BL = family of LP

•Any family of lattice planes can be labeled by a
reciprocal lattice vector K, which is perpendicular
to the lattice planes. The minimum non-zero
length of K is given by 2π/d, where d is the
spacing between lattice planes.



Any lattice plane is a 2d Bravais Lattice,  
characterized by two vectors, which we can call 
a1 and a2.  

Now, choose any vector connecting 
a lattice point of a given lattice plane and 
another point of the next lattice plane.Call this a3.  
a1,a2,a3 are primitive vectors.  

Let b1,b2,b3 be their reciprocal primitive vectors.  
By construction, b3 is perpendicular to our lattice 
planes. This is because all 3 rlv are perpendicular to the 3 dlv. 

Furthermore, b3⋅a3= 2π.  
Since d is the lattice plane separation, b3⋅a3 = |b3|d, and thus 
|b3| = 2π/d. QED.
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