


· Most simple version of a correlated system :2

atome + z e-

-> H = h
.

+ h + V
,
where hh

h
.
and he are single particle terms and have the

I

Kinetic En + Coolant atraction of each i by bothnuclei
.

Viz= in the colombia repulsion between

-> Simplest model : 1 Sorbital per e auch spir

per
atom :

Nomenclature A
,
B (atoma , different lattice sites

etc...

1AP), /BP) ,
lab), lBb] S



1: Build The Barirof all possible stater determinants :

-> Basis (9) = .... (4)=....
We have 6 different Two-particle basis : Corder does not

matter
,

19 . > = 1AP,Ab SLAP(> 1Abk)7 butconsistency
doer)

↓ - 1ALD)< (AP(2)]
#1
-Al, -> Repeat for all other sp

192) = (BP,Bb) GIBP(TIBIE)-(BH(BPRD
1837 = (11 ,B1] =Slap() (Bh()>-(BAC) 1APEK1

194) = (th ,BP) Glad)> /BP(2-1BP(> (Ak(2)7]
187 = (At, BP) =EGlAPC) (BI)-1BB()) (APC)/
19) : (Ak ,Bl= (Ab()) (BIC))-1BbC))(Ak()



2
.

- Now Let's Brifd The Hamiltonian inThis
Basis , Here is where TheHubbard Model comes in :

-> The single particle Termer Chinatic energy +Club

extraction)
<ArIn/BU) =<BrInAwy =-E W:, ↓

I
Note I<ArIL(Au =BuhIBN) = E =,

spinie !conserved
in

-> Note we can
take 30 ,

it'jota rigid

hopping energy slift .

Therewas an error in firstversion !) -

-> Interaction Term" equal because of symmetry
-
-

< AP Ad IViz/APA) = <BPBhIViz/BPB) = y

All other 2 particle pairs arezero . Only Onsite

interactions (2 of opposite spin in same site).



-> Single particle Term in The MB (SD) basis :

NoteThat<Ar(i))Awil) :<Br(i) /BUYi)>=for
<Ar(i)(Br(i)) = <Boli) ItW(i)) = 0I
->This is basically · thogonality of The orbitals

-pin

We can

go Through all the Combinations
, asI is termities

sand real in This case) we only need a few Terms :

< 1h +h.
> = [APs) (Akh(APC) (Ay()

&

- CAPC)(AbC) (hrthu(AP)(Ak()] +EC.C
.

=X. (ApyT0)>.A +

<Ah)(he Int <116) (*-
CANG) In , (A by>CAADG)-

70

< AAC) (h2/APE) (ADA) = 2E

same for all <&/hithald;



-> hthadj) for ifj
-

i = 1
, j = z = 0

- Because all particle orbitalsi = 1
, j = 4 =70

are different (and the
i = 1

,j = 6
=30

·verlap Termer areallzer)
i = 1

, j = 3

a

[1h.+ he () = E (AP) Ih . LAP<Ane/B1()7
+ <AP() (AP(D >/Ab() (h2/BI()]-t
- <Add) (h . (AP()) <APE) IBI(aYa
-<Ad() <(AP(2) /ha) b(2) 7
-CAP() /k . /BACSY<Ab(z)XA*(2)
- <APC)(B) > <Ab()(helAP()7
↑ <AbG) /h . IBb()> (APC)(APE-t
+ Add ()> <AP(2) /ha(AP(
--t



· Same for :

< /Chithe) 193) =t
</h + hall) =-t

<2/hrthe/04) =-E

<&/h. +hal > = t (do it ! care with sign)
Another wayA B

① .... -9.
inversion operator : aroundunter

,
not

i /1) = 1B> acting on spin.

D ... 0 - &
50i(tP()) = /BP() Same for

-pin
down

.

5 : 197 = (1Bec)(A)-IBPE) /ADG7]
=- 1947 : 19 = 19 also

i (h. + hz) = h + +hz = (hithz)i
5 <@1h . +ha/9 =

= P . /(h +hali (9) = - & .
/h + h2193 =-t

QED
&

Calso; 197 = 1927 and i 1927 = 1913)



-> all other elemente of hitha are zera

- The Full Hamiltonian Matrix inThe MB basis

is:

D &Use
t O 25 j- tzE O O: a
O O O 2E

· Pe
e e O 8 2E

9

->& .
& Is are eigenates of H

, degenerate,
with

energy
to

, 6
= Id => Let's analyze

why

[1907 = - 197 :193 = -1967
->(i and to commute, so if do and do are eigenstates



of both , with symmetry "v- Congrade,
negative value of -1 of the inversion operator.
Under inversion states can be d ong (antisigumetric
and symmetrics)

: Symmetry group of a tomopolar diatomic
molecule

.

* a stations around molerle axis
Dark % . Faversion center (g or v

, eigualet - -)
· Reflection plane

-> We can use i to diagonalize The matrix :

:18 = 192) : 197 = 19.7( = 1)
: 193 : - 194) : 193 = -1937

we can build z g states
:

19g7= (i + 1927)

1Pgz= (1933-194)



and another two a states :

19 . 7 =E (19.) - 1927)

192)= (197 +9)
so we have the full set of common eigates
So we can decompose the 6x6 # matrix in Two

blocks
,

a 2x2 g
block and a 4x4 o

block
.

in the new basis :

< &g . IH 1997= &
.11+ Hbe)

+<H1) + <& 14193) = U :2

< @gz (19g2] = Yame butwith 1933-197
= (3)H97 +94141947-

- <9119 -<H19) = E

<Pg. 10g z 7 = -It = <@ge 19g) - Hermitian



Now the 2x2 v block (without 1907 and 195)
becomes : H

.

= (02)
-> 50 10.7 and 19027 are already
eigenstates of (192 is degenerate with 19)
and 1963)

S = 1

-

O gl·
- -

I
2 O gz

& U+ 2 E O O O Up

e ! C
025 O O Vz

e C O 02E O Uz

2E U4

-Now all liging this
black .



-> Before diagonalizing the block
g

it in useful To look at the spire of the states.

-> -((2) and M((2)
1 . [M = + for 1g , 19.) , 10)

,
192.

M = 1 for 13) 95]
I M =- for 14) = 100)

- This explains why 1976 and 1957 were already
sigurtates on their own

, They were already each one

fits class (non degenerate in M)
· We can also look into 5 :

-> We have - = 1 for (Pun) /Pus 19)
They form The Triplet state.

->The rest of the states have 5 = a



· So in Terms of configurations we have :

-> 2 o singlets 199.

> & (&g+
->~ singlet 19% -> energy

U+25

-> Triplet 1 %.> 190) (0> energy zE

(Nove 19 . 1 in the onlya singlet Chance an rigentete)
-> Now we only used to diagonalize The g subspace

Hy : (0-2( + 24 + ( )t 2E

- Sealer
eg

: (0
-t - 2 + ) + E - vt +4t = a

-It
- E =

· Ground riete : Eg=zefFe



-> Note that a represente a global slift in # .

This in

why it appears in the diagonal . Basically a in a single
particle property .

Addin in a single particle
means ading N . E To H(N) ·

This is because the

·write Terms Chere) are equal by symmetry.

-> We
can plot the sigestates as a function of

-/r or /t .

But before that let's see the limits :

· Now interacting limit : U = o

Egs = 25-t => Jame as Two now interacting 2

occupying
The Bonding state of the single particle

As problem (see physe , Fight kinding
· U => This is the arou limit

,
when the ama

are very far awaySee later : 19 .

3~Ap+ Pg2
Ut

19 .

7 ~1992)= (114 , BK-1ABP)
Egs ~2E (energy ofThe Triple .

This corresponds



To having 1 on each aton
,
which is the exact

solution (for the 15 basis orbitals) for two isolated
atous

-> Hartee Fact Limit : Cor #t solution)
-RestrictedIf

·
NoteThat The single particle solution of any I

in this basis is perfectly defined bysymmetry.
RHt : For N even and with the Highest occupied
-

Fate being non degenerate RHF allways gives

a symmetry invariant singlet (5 = e)
-> Any single particle familitarian in this basis
Has this form : · Hermitic

h = (c
-+ I · symmetry- t E

But we do not need to abstain it
,
because by symmetry

The single particle go in 197= DAS +B)
X

lowestenergy singleparticle Ma



~ The RF go
will be :

Linear combination ofsingle
-

I =(g+ ,gb)= (lAP ,Ab + /Ap, Bay +

&

single stater IBP ,Ab) + 1/BP
,Bl)) +determinantBuiltfraun g3 Thie

= (19) + 192)) can be

Thee
The

energy: /(T) -
esp

-z( . /g)+ / +

12/09 .

) (g))
Raf

Ess = 23 + - 2t - exact in 80 limit

but as8 grows
it deviates

readily, failing to

reproduce the separate-atom
limit for 13t



-This solution makes sense inThe U-0 limit.

for U/ -> 0 The He wave function in The same

as for "Free" (Now interacting e) . This in The

z-site equivalent of a metal ,
where each e-

is equally shared between all sites .

but for / -> & (Not showetheindepende&

can be demostated) The He WF gra

is one with one spirt in I atom andopin I
in The other

=> ie
.
2 metal atoms with

oppositeopin.
⑨ ⑪
A
J B

This configuration in F

This in wong !
is la Than ⑭

1->

Bah should be allowed! For atous veryfar
apart.



=> Note about the ti by Vo The We
&ExactS

-> 1
.

-The G5 we is obtained by diagonalizing
The 2x2 block made by 19g.) and 18g2
Remember : For The eigenectors :

CH-E][4] = 0 - ove for t, and E

we gir :

(4) =
- (Pgp +(vi

->This is a
linear combination of Age and Opz

They are both singlet states) -

it is a singlet (1=0) ,
with special ig symmetry.

->But
, a singlet state can never bewritten

as a single stater determinant , because it is

antisymmetric in spimp but not antieymetric to

Giesfingkeital sectorparticle exchange in The spar

Note The f we is a single eleterminant in Teamallar
basis ,

but can book like a 425D inThe atomic basis



-> Let's see The UHF solution :

Calso called spin polarized)
19 = 194, 11919a/

-

Now I and he are not forced
To have the same symmetry and 5-e (Not singlet).

Now & andbe can take
any shape ,

unconstrained by
-pin or (inversion) symmetry.

19) = 158
.
/1) + eBrimgB)7-Mostgareal1927 = 20082(A) + eSinGelB > way of writing the

MO.

We need to
minimizeEU a

a funcion of 8, 82 , 2· This can be done (long dariration
Cambe Takenze !see Felikor-Harris) .

The solution depende on u/t :

-> u/ts2 - same solution asU
E(0 . 82)= 25-

19) = 19) = 19) ;Estimate
#[lost (8 +8)+ 25 (0. - S)



- For U/72 Then symmetry breaks down

giving z degenerate minima (a very
common

situation for broker symmetrics? , are com break itin wither

direction)-
->The resulting2 particle states are given in

Faliar-Harris 1969 JJDW) and 150W) in thepaper
We can characterize the solution with

energy
and

grin polarization "

UH7

Eos = ze -

2 +
2

~ (4/t > 2)
Sno =<Rap]-[Nob = N4e

Tz
-> starte from zere with discontinuous derivative of

/* = 0
and
gows acyrptically to 1 Fullpolarize

TionS
as Sap = -SRs ,

The excess of spint in one alom

in compensated by excess In on the other.

Note : bath atome continue to have I particle in average



🔗

[Ma) = [Re) +Rob) =<NB) =

Total spin polarization Na-Ny = o

This is The antiferromagnetic solution
Other other minimum (SDN2) is the same bot

with Ab and BP

InThe large 8 limit Ut

14 gla
14 APBD Cor for the otherminimum

18618))
->D ha broken both inversion and total spir
symmetry
·

inversion : obvious wither gor u character

·spin : 14: (1992) +1)Pre
I

singlet



it is a singlet-triplet mix (in the large limit
This is what is called ofuncontamination
S
mary

:

· If (mean field) in uHf (not spin polarized) givesa
very wrong description of Bond breaking or the

highly correlated
reginne (U3> E) .

· Allowing for spin polarization recovers some qualitive
behavior ,

but at the costof introducing fictitious
symmetry breaking , including magnetic moments that
are unreal

.
It is the poor man" way of describing

correlations
.
But

,
the real solution is

very different !
TesTach





-> Let' analyze the particle correlations.

we can define the following correlation function :

C = /naPad) + <RsPRib]

n = # operator ,
which car

be easily defined in

second grantization .

All we
need to know is :

< AP
,
Ab /RapMan (AP, Ab) =

<BP/B() pRBb/BP , Bb) =

And all other matrix elements of bath arezere

-> Measures probabilityof fluctuations with the two -
on one a tom.

Do !
For 14) = 19t ,qb) we get C = 1/2 , irrespective
o V .
I correspond to the exact value for U = 0.



How can we interpret this ?
Because of the delocalization of both - (in the

bonding single particle state) The probability of
finding both e-in1atm = prob of one on each

(00%) .
Since The single-particle state (HE)

does not change with 8 it retainsThe same

character when The atous are pulled appart.
-> For The exact go (in the 8-0 limitwe jat

saw (=/).
for - org=(Ap,

a

c(0/t)B,

- (A(,%3)

Cdiminishes smoothly from 1/2 T. O as 8/1
grows , indicating that quantum fluctuations
finding both I on same side of the mokale



are suppressed by larger off
Note that this is totally suppressed in theHe

solution
, showing that RH has a big

problem describing the breaking of a bound.

To Do as a W :

-> If we want to obtain ((0/t) for the
exact solution we need The exact expressionof
The NF from the diagonalization of the singlety
2x2 block(are only obtained the mergy).
if you

do it : cl-je



Hubbard Dinner in second grantization :

# - (Noe + Man + Ne + Bt) - t(C + is +

+ (in) + V(Napa + Ropn)
-> Basis : It is important to choose

an
orderand

Stic to i ! A before B ,
↑ before b.

10) = 1A4Ab >= CC 10) = 111007

1927 = (BPBX =CC 10) = 100117

193) = 1APBX = (Chi(0) = 11001 >

194) = (B) =Cs(e) = 1011 0 >

197 = 119BP) = CaC(0) = 11010

1967 = (AhBl) = Call (0) = 101017

M is a diagonal operator soThe E Term Consite)
gives a z E in The diagonal



· For The Hoping Terms :

ex : Car Cp +

best in to use anticonntator rules andoperator
definition. Bo

Let's see with 1913 = 11. do
it'sobviously o (
So only terms with 1 in "3" will not be zero :Pest

->92
Misce: Cse"(/)= +() "100017

Pr

= 11001 (positive) = 193)

So we get </He(R) =-t (same an

-4 Chermitians)
T

Concep = Carti) 10100 =

-le
So we

ote in Hel = + t
-> Do
CelDoy = Cat)' 11000) = o



-> Once we do This we have :

<% /H+ 19.
2 = -t (and Congegies

<&4/Hz 19 .
>= +t

<1 He192)=- t

<&(he 1% =+ t

-> Finally Onsite repulsion :

Hu = V (MapMad + MBRd)
=> # operators are diagonal and commute with each
Ther

. Only non-gens for the doubly exc . States

Chand 2) /He 10.

) =

<921 He 192) = ~

V + 2E - -+to O

-andThe isi ! Ho I e veza -E +a
e (- t - t 2E & C C

- e

& Z t & 28

C & & e C
2E

e 2 C & & 2E



different changes in The order need for The
basis definition would changerigh butif

-

done consistently they represen changes on the

global sign of the MB banis states
,
which das

not affect the agen states or Eigen values.


